Abstract. We give examples of symplectic actions of a cyclic group, inducing a trivial action on homology, on four-manifolds that admit Hamiltonian circle actions, and show that they do not extend to Hamiltonian circle actions. Our work applies holomorphic methods to extend combinatorial tools developed for circle actions to study cyclic actions.
1. Introduction 1.1. Question. Does every homologically trivial symplectic cyclic action extend to a Hamiltonian circle action on closed connected symplectic four-manifolds that admit Hamiltonian circle actions?
By a cyclic action we mean an action of a cyclic group Z n = Z/nZ of finite order 1 < n < ∞. An action is called homologically trivial if it induces the identity map on homology. A circle action is always homologically trivial because the circle group is connected. An effective symplectic action of a Lie group G on a symplectic manifold (M, ω) is called Hamiltonian if it admits a moment map, i.e., an equivariant smooth map Φ : M → g * such that the components Φ ξ = Φ, ξ satisfy Hamilton's equation
for all ξ ∈ g. Here ξ M is the vector field that generates the action on M of the oneparameter subgroup {exp(tξ) | t ∈ R} of G. There are four-manifolds that admit symplectic cyclic actions but not circle actions [6, 7] . Here we are only interested in the symplectic manifolds that admit Hamiltonian circle actions. Question 1.1 was asked by Jarek Kedra at the "Hofer 20" conference in Edinburgh in July 2010. It remained open since then.
In this paper we show that the answer is "No". The novelty of our work is in the application of holomorphic methods to extend combinatorial tools developed for circle actions to study cyclic actions.
In Section 5 we give an example of a symplectic action of Z 2 , acting trivially on homology, on a symplectic manifold M that is obtained from CP 2 with the Fubini-Study form by six symplectic blowups, and show that it cannot extend to a Hamiltonian circle action, 2010 Mathematics Subject Classification. 53D35, 53D20, 57R17, 57S15.
though the manifold does admit a Hamiltonian circle action. Note that H 1 (M; R) = {0}, hence every symplectic circle action on M is Hamiltonian. In the construction of the Z 2 -action, we start from a Hamiltonian circle action on CP 2 blown up symplectically five times, that admits a Z 2 -fixed sphere, and perform a Z 2 -equivariant complex blowup at a point in the Z 2 -fixed sphere that is not S 1 -fixed. We use Nakai's criterion for the existence of a Kähler form in a cohomology class, as well as the fact that the obtained complex manifold is a weak del Pezzo surface of degree 3, and the results of Bruce-Wall [5] on holomorphic curves in cubic surfaces. We then apply the results of Li-Liu [21] , Taubes-Seiberg-Witten [30] and to show that this Kähler form is obtained by symplectic blowups, of certain sizes, from the Fubini-Study form on CP 2 .
In the proof that the action does not extend to a Hamiltonian circle action, we show that the configuration of invariant spheres of negative self intersection in the constructed Z 2 -action is different from that of any Hamiltonian circle action on the symplectic manifold. For this we use the decorated graphs associated to Hamiltonian circle actions on fourmanifolds by Karshon [15] and Karshon-Kessler-Pinsonnault [19] characterization of circle actions on symplectic blowups of CP 2 .
In Section 6 we give an example of a homologically trivial symplectic action of Z 2 on a symplectic manifold that is obtained by three symplectic blowups from Σ × S 2 with a symplectic ruling, where Σ is a Riemann surface of positive genus. We show that it cannot extend to a Hamiltonian circle action, though the manifold does admit a Hamiltonian circle action. In this section we use Holm-Kessler [14] characterization of Hamiltonian circle actions on symplectic four-manifolds that are not simply connected. We conclude our paper, in Section 7, with remarks concerning the generator of the Z 2 -action from Section 5.
which is a union of symplectic submanifolds by the local normal form theorem for Hamiltonian actions. Since M is four-dimensional, the critical set contains only isolated points and two-dimensional submanifolds. The latter can only occur at the extrema of Φ. The maximum and minimum of the moment map is each attained on exactly one component of the fixed point set.
An
is an almost complex structure, i.e., J 2 = −Id. Such a J is S 1 invariant, and we refer to it as a compatible almost complex structure. With respect to a compatible metric, the gradient vector field of the moment map is
where J is the corresponding almost complex structure and ξ M is the vector field that generates the S 1 -action. The vector fields ξ M and Jξ M generate a
The closure of a non-trivial C × orbit is a sphere, called a gradient sphere. On a gradient sphere, S 1 acts by rotation with two fixed points at the north and south poles; all other points on the sphere have the same stabilizer. A gradient sphere is smooth at its poles except in the following situation [1] : if the gradient sphere is free (i.e., of trivial stabilizer) and the pole in question is an isolated minimum (or maximum) of Φ with both isotropy weights > 1 (or < −1). In particular, a non-free gradient sphere is smoothly embedded. The existence of non-free gradient spheres does not depend on the compatible metrics (or almost complex structures); each of these coincides with a Z n -sphere for some n > 1, which is a connected component of the closure of the set of points in M with stabilizer Z n . On the other hand, a free gradient sphere connecting two interior fixed points can break into two free gradient spheres connecting to the maximum and minimum respectively, after a perturbation of compatible metrics in its neighborhood. This is demonstrated in Figure 2 .1, where the free gradient spheres are depicted as edges of label 1 (as explained in the following paragraph). For a generic compatible metric on (M, ω, Φ), there exists no free gradient sphere whose north and south poles are both interior fixed points [15, Corollary 3.8] .
With each Hamiltonian S 1 -space, we associate a decorated graph as follows. For each isolated fixed point, there is a vertex labeled by its moment map value. For each fixed surface S, there is a fat vertex labeled by its moment map value, its size 1 2π S ω, and its genus g. The moment map value determines the vertical placement of a (fat or not) vertex. The horizontal placement is done at liberty. For each Z n -sphere, n > 1, there is an edge connecting the vertices corresponding to its fixed points and labeled by the integer n. We add edges labeled 1 for free gradient spheres so that any vertex corresponding to an interior fixed point is attached to one edge from above and one edge from below. We may add a number of redundant edges labeled 1 for free gradient spheres from the maximum of Φ to the minimum of Φ if 1 is an isotropy weight (subject to sign) for both the maximum and minimum.
Two 2.3. Remark. Since the Hamiltonian S 1 -action is required to be effective, only edges of label 1 can emerge from a fixed surface. Two edges sharing the same vertex have relatively prime edge labels since they represent the isotropy weights at the fixed point (subject to sign). Moreover, the sphere S corresponding to an edge of label n is a symplectic sphere whose size 1 2π S ω is 1/n of the difference of the moment map values of its vertices.
2.4.
Remark. In our figures, we often omit some of the labels. We omit the moment map labels; they are represented by the heights of the vertices. We omit the genus labels: in Sections 3 and 5, the genus labels are 0; in Section 6, the genus labels g = g(Σ) are positive. We omit the size labels; the width of fat vertices, or any horizontal space of the graphs, does not carry actual meanings. We omit the edge label 1 for free gradient spheres.
A (parametrized) J-holomorphic curve is a map from a compact Riemann surface to an almost complex manifold, f : (Σ, j) → (M, J), that satisfies the Cauchy-Riemann equation
When Σ = CP 1 , the map f is called a (parametrized) J-holomorphic sphere. By (2.1) and the fact that a non-free gradient sphere is smoothly embedded, we can deduce that each Z n -sphere is J-holomorphic. This is a general phenomenon for embedded non-free spheres by the following lemma:
2.5. Lemma. Let (M, J) be an almost complex manifold such that J is invariant under an action of a compact Lie group G on M, i.e., dσ g • J = J • dσ g for all g ∈ G. Let S be an embedded sphere in M. Assume that S is a connected component of the fixed point set of a non-trivial subgroup {e} = H < G. Then S is a J-holomorphic sphere.
Proof. First, it follows from the local normal form of a compact Lie group action on a manifold that T S = {v ∈ T M | dσ h v = v for all h ∈ H}. Since each of the maps σ h is J-holomorphic, for every w ∈ T S, the vector Jw satisfies
Hence T S is closed under J. As an almost complex manifold of real dimension two, (S, J| T S ) is a complex manifold, and the embedding of the sphere is J-holomorphic (with respect to this complex structure).
Equivariant symplectic blowups. Recall that we can think of a symplectic blowup of size δ = r 2 /2 as cutting out an embedded ball of radius r and identifying the boundary to an exceptional sphere via the Hopf map. This carries a symplectic form that integrates on the sphere to 2πδ. For more details see [13] and [26, Section 7.1] . If the embedding of the ball is G-equivariant centered at a G-fixed point, then the G-action extends to the symplectic blowup, see details in [17] . If the action is Hamiltonian, its moment map naturally extends to the equivariant symplectic blowup. For all the possible effects of S 1 -equivariant symplectic blowups at fixed points of a where L is the image of the homology class of a line CP 1 in CP 2 under the inclusion map
. . , E k are the homology classes of the exceptional divisors.
As a smooth oriented manifold, M k is CP 2 #kCP 2 , the manifold that is obtained form CP 2 (with the standard orientation) by k iterations of connected sum with CP 2 (i.e., CP 2 with the opposite orientation).
Definition.
A blowup form on M k is a symplectic form for which there exist pairwise disjoint embedded symplectic spheres in the classes L, E 1 , . . . , E k .
3.3.
Lemma. [18, Lemmas 1.5, 1.6] The set of blowup forms on M k is an equivalence class under the following equivalence relation: symplectic forms ω and ω ′ on M k are equivalent if and only if there exists a diffeomorphism f : M k → M k that acts trivially on homology and such that f * ω and ω ′ are homotopic through symplectic forms. Any two cohomologous blowup forms on M k are diffeomorphic by a diffeomorphism that acts trivially on homology.
This is a result of the work of Gromov and McDuff, [12, 2.4 .A', 2.4.A1'], [23] , [26, Proposition 7.21] , and [24] .
For a blowup form ω on M k , the vector (
[ω], L ; 1 2π
[ω], E 1 , . . . ,
2π
[ω], E k ) defined by the pairing of its cohomology class with the homology classes (L; E 1 , . . . , E k ) equals the vector (
, where C, C 1 , . . . , C k are embedded symplectic spheres in L, E 1 , . . . , E k . We will say that the blow up form (or its cohomology class) is encoded by this vector. By Lemma 3.3, the blowup form on M k encoded by the vector (λ; δ 1 , . . . , δ k ) is unique up to a diffeomorphism that acts trivially on homology. We denote any of these symplectic manifolds by
By Li-Liu [21, Theorem A] and Taubes-Seiberg-Witten theory [30] , for every symplectic form on M k with a standard canonical class, that is, for which the pairing of the first Chern class c 1 (T M k ) with (L; E 1 , . . . , E k ) equals 2π(3; 1, . . . , 1), the classes L, E 1 , . . . , E k are represented by symplectically embedded spheres. 3.5. Definition. Let k ≥ 3, and let λ, δ 1 , . . . , δ k be real numbers. The vector (λ;
In [18, Theorem 1.9], Karshon and Kessler show, using the work of Li-Li [20] , that for a vector (λ; δ 1 , . . . , δ k ) with positive entries that is reduced and that satisfies the volume inequality
Hamiltonian S 1 -actions on blowups of CP 2 . The decorated graphs, or their upsidedown version, of Hamiltonian S 1 -actions on M 1 , namely, CP 2 blown up at a point, with a blowup form ω λ;δ 1 are shown in Figures 3.1 and 3.2; the integer n = 2ℓ − 1 with 1 ≤ ℓ < λ/(λ − δ 1 ). We also mark the homology classes that correspond to the edges. 
Blowups of Σ × S 2
Symplectic blowups of Σ × S 2 . Let (Σ, j) be a compact connected Riemann surface of positive genus g = g(Σ) > 0 endowed with a complex structure j. We fix a smooth structure on the trivial bundle Σ × S 2 , and equip it with the product complex structure, in which each fiber is a holomorphic sphere. We fix basepoints * ∈ S 2 and * ∈ Σ, and
For a non-negative integer k, let W k denote a complex blowup of Σ × S 2 at k points.
Let E 1 , . . . , E k denote the homology classes of the exceptional divisors. We say that a vector (λ F , λ B ; δ 1 , . . . , δ k ) in R 2+k encodes a cohomology class Ω ∈
Ω, E j = δ j for j = 1, . . . , k, and
For k ≥ 2, we say that a cohomology class Ω ∈ H 2 (W k ; R) encoded by a vector
4.1. Definition. A blowup form on W k is a symplectic form for which there exist disjoint embedded symplectic spheres (oriented by the symplectic form) in the homology classes F, E 1 , . . . , E k .
By [24] , the blowup form on W k (whose cohomology class is) encoded by the vector (λ F , λ B ; δ 1 , . . . , δ k ) is unique up to a diffeomorphism that acts trivially on homology. We denote any of these symplectic manifolds by
Hamiltonian ) with the Hamiltonian circle action whose decorated graph is given in Figure 3 .2 on the right with ℓ = 1. The top fat vertex corresponds to an S 1 -fixed symplectic sphere in E 1 of size 1/2, and the bottom fat vertex corresponds to an whose associated decorated graph, obtained as in Figures 2.2-2.4 , is shown on the left of Figure 5 .1. Note that the edge created in the last blowup is labelled 2, i.e., it corresponds to a Z 2 -sphere in E 5 . By [15, Theorem 7.1], (M, ω) admits an integrable complex structure such that the S 1 -action is holomorphic and the symplectic form is Kähler. Now perform a Z 2 -equivariant complex blowup at a point p in the Z 2 -sphere in E 5 that is not an S 1 -fixed point. Let
be the equivariant complex blowup map. LetẼ 6 = π −1 (p) be the exceptional divisor and Ξ 6 be its Poincaré dual in H 2 (M). Let
where Ω is the cohomology class of ω. We claim thatΩ contains a Kähler form. By Nakai's criterion (see [11] , [15, Lemma C.1], or [25] , for example), the cohomology class Ω on the complex surfaceM is represented by a Kähler form if and only ifΩ 2 > 0 and Ω , [C] > 0 for every complex curve C ⊂M .
Note thatM is a weak del Pezzo surface of degree 9 − 6 = 3 and type A4, see [5] . Its (−2)-and (−1)-curves are in the classes
as can be seen in Figure 5 .2. Note Figure 5 .2 is not a decorated graph for a Hamiltonian S 1 -space, but illustrates the Z 2 -invariant spheres onM . ) as the pairing ofΩ with (L; E 1 , . . . , E 6 ), we verify thatΩ 2 > 0 and that Ω , [C] > 0 for each of these negative curves and hence for every irreducible curve. Therefore, by Nakai's criterion,Ω contains a Kähler form. By averaging with respect to the holomorphic Z 2 -action, (and since the action is identity on homology), we obtain an invariant Kähler form ω inΩ. Note that the formω is with a standard canonical class. Hence, by Corollary 3.4, the symplectic formω is a blowup form onM = M 6 .
Hence we obtain a homologically trivial symplectic Z 2 -action on M 6 with a blowup form ω 1; . The adjunction formula implies that the Z 2 -fixed spheres in E 1 − E 2 , E 5 − E 6 , and L − E 3 − E 4 are all embedded.
On (M 5 , ω 1; 
5.4.
Remark. The following graphs can be interchanged by a change of compatible metric (or almost complex structure): the last two in Figure 5 .9, 5.10, or 5.16; the two in Figure  5 .12 or 5.15; the three in Figure 5 .14.
By Lemma 2.5, for every S 1 -invariant compatible almost complex structure J, the embedded spheres of non-trivial stabilizers are J-holomorphic; hence the fat vertices and the edges of label greater than 1 in the decorated graphs correspond to J-holomorphic spheres.
After the last S 1 -equivariant symplectic blowup that produces E 6 of size 1/8, we will get a J-holomorphic sphere in one of the following classes:
• L − E i − E j − E k with i, j, k ∈ {2, 3, 4, 5} and i < j < k ;
• L − E i − E j − E k − E ℓ with i, j, k, ℓ ∈ {2, 3, 4, 5, 6} and i < j < k < ℓ.
By the construction of the Z 2 -action and the assumption that the circle action extends the Z 2 -action, there are Z 2 -fixed embedded spheres in E 1 − E 2 , L − E 3 − E 4 , and E 5 − E 6 . By Lemma 2.5 again, there are J-holomorphic spheres in these classes. Note that
, where j, k ∈ {3, 4, 5} and j < k, and
, where j, k, ℓ ∈ {3, 4, 5, 6} and j < k < ℓ,
In each of the above cases we have a contradiction to the positivity of intersections of J-holomorphic spheres [27, Appendix E and Proposition 2.4.4]. Figure 5 .3. Blowup (E 2 ) at the minimum of the left graph of Figure 3 .1 Figure 5 .4. Blowup (E 2 ) at a non-minimal fixed point of the left graph of Figure 3 .1. can not be performed afterward due to size consideration.
5.5.
Remark. There is another homologically trivial Z 2 -action that does not extend to a Hamiltonian circle action on M 6 with a blowup form in the cohomology classΩ: start from the Hamiltonian S 1 -space with the decorated graph on the right of Figure 5 .11, perform an S 1 -equivariant blowup at an interior fixed point to get a Z 2 -sphere in E 5 ; and then perform a Z 2 -equivariant complex blowup at a point in this Z 2 -sphere that is not an S 1 -fixed point; the resulting complex manifold is again a weak del Pezzo surface of degree 3 and type A 4 ; its (−2)-and (−1)-curves are in the classes Figure 5 .6. Blowup (E 3 ) from Figure 5 .4 at a non-minimal fixed point, or with E 2 , E 3 switched. Blowup (E 3 ) at a minimum from Figure 5 .4 goes back to blowup (E 3 ) from Figure 5 .3 with E 2 , E 3 switched. Again the blowup (E 4 ) can not be performed afterward due to size consideration. Figure 5 .7 or with E 2 , E 3 switched. Due to size conditions, the blowup (E 4 ) can not be performed afterward. Figure 5 .17); the rest is done by similar arguments.
6. The example in the non-simply connected case 6.1. We construct a Z 2 -action on W 3 with a blowup form ω 1,1; as follows: Start from the Hamiltonian S 1 -action on (Σ×S 2 , ω 1,1 ) whose decorated graph is in Figure   4 .1 with ℓ = 0. Perform an S 1 -equivariant symplectic blowup of size 3 5 at a point in the
Figure 5.9. Blowup (E 2 ) of the left graph of Figure 3 .2. can not be performed afterward due to size condition.
Figure 5.11. Three blowups of the right graph of Figure 3 .2 with {i, j, k} = {2, 3, 4}. Due to size conditions, at most one blowup can be performed at the maximal surface. None of these blowups can be performed at an interior fixed point created by a previous blowup.
Figure 5.12. If the blowup (E 5 ) is performed on the maximal surface of the left graph of Figure 5 .11, then E 1 − E i − E 5 , i ∈ {2, 3, 4}, remains after the next blowup (E 6 ) because of size consideration. minimal fixed surface, followed by an S 1 -equivariant blowup of size 7 20 at the obtained interior fixed point, to get a Z 2 -sphere in E 2 . We get a Hamiltonian circle action on M = W 2 with a blowup form ω = ω 1,1; , 7 20 , whose decorated graph is shown on the left of Figure 6 .1. By [15, Theorem 7.1], (M, ω) admits an integrable complex structure such that the S 1 -action is holomorphic and the symplectic form is Kähler. Now perform a
Figure 5.13. If the blowup (E 5 ) is performed at an interior fixed point of the left graph of Figure 5 .11, then E 5 remains after the next blowup (E 6 ) due to size consideration. Here i, k ∈ {2, 3, 4}.
Figure 5.14. Blowup (E 5 ) on the minimal surface of the left graph of Figure 5 .11 where {i, j, k} = {2, 3, 4}. If the next blowup (E 6 ) is performed on the minimal surface, it produces L − E j − E k − E 5 − E 6 . If the next blowup (E 6 ) is performed on the maximal surface, it produces E 1 − E i − E 6 . If the next blowup (E 6 ) is performed at an interior fixed point, the minimal surface remains as
Figure 5.15. Blowup (E 5 ) on the maximal surface of the right graph of Figure 5 .11 where k ∈ {2, 3, 4}. If the next blowup (E 6 ) is performed on the maximal surface, it produces E 1 − E 5 − E 6 . If the next blowup (E 6 ) is performed on the minimal surface, it produces L − E 2 − E 3 − E 4 − E 6 . If the next blowup (E 6 ) is performed at an interior fixed point, the minimal surface remains as L − E 2 − E 3 − E 4 .
at a point p in the Z 2 -sphere in E 2 that is not an S 1 -fixed point. LetẼ 3 = π −1 (p) be the exceptional divisor and Ξ 3 be its Poincaré dual in H 2 (M ). Let
Figure 5.16. If the blowup (E 5 ) is performed at an interior fixed point of the right graph of Figure 5 .11 where i ∈ {2, 3, 4}, then E 5 remains after the next blowup (E 6 ) due to size conditions. If the blowup (E 5 ) is performed on the minimal surface of the right graph of Figure 5 .11, then L − E 2 − E 3 − E 4 − E 5 remains after the next blowup (E 6 ) due to size conditions.
Figure 5.17. Configuration for Remark 5.5.
where Ω is the cohomology class of ω. We claim thatΩ contains a Kähler form. As before, by Nakai's criterion, and sinceΩ 2 > 0, it is enough to show that Ω , [C] > 0 for every complex curve C ⊂M. This follows from the following claim.
6.2. Claim. Consider the classes
(i) For each of these classes, its pairing withΩ is positive.
(ii) Each of the classes contains a Z 2 -invariant complex curve.
(iii) The classes generate the effective cone of complex curves inM .
Proof. (i) follows from the definition ofΩ.
(ii) follows from the blowup construction. For (iii), we only need to verify that the proper transform of an irreducible curve on M, that passes through the point p with multiplicity m, represents a non-negative combination of
these classes. Recall that the classes
generate the effective cone in M (before the third blowup), and each is represented by an S 1 -invariant curve. This follows from [15, Proposition C.6 and Theorem 7.1], or an inductive argument similar to the computation below. Hence the proper transform can be expressed as
Denote by π 1 and π 2 the first and second blowup maps at p 1 and p 2 in the construction ofM. We have
Also, by positivity of intersections of complex curves in M,
Combining these two inequalities, we have m ≤ b.
The configuration of the generating classes is illustrated in Figure 6 .2. Again note that it is not a decorated graph for a Hamiltonian circle action.
By averaging with respect to the holomorphic Z 2 -action, we get an invariant Kähler formω onM inΩ. By [22, ). The adjunction formula implies that the Z 2 -fixed sphere in E 2 − E 3 is embedded.
Note that the manifold (W 3 , ω 1,1; ) is obtained from this action by one of the following sequences of equivariant blowups of sizes 3/5, 7/20, 3/10 (up to a change of compatible metric (or almost complex structure)).
Type I: two blowups at one fixed surface and one at the other (performed simultaneously); Type II: a blowup at a fixed surface, followed by a second blowup at the interior fixed point created at the first blowup (to get a Z 2 -sphere in E 2 ), and a third blowup at one of the fixed surfaces; Type III: the first and the second blowups are each at a fixed surface (either the same one, or different ones), followed by a blowup at the interior fixed point created at the first blowup (note that the second and the third blowups can be performed simultaneously); Type IV: the first and the second blowups are each at a fixed surface (either the same one, or different ones), followed by a blowup at the interior fixed point created at the second blowup.
The other options are ruled out due to size restrictions. In particular, if the second blowup is at the interior fixed point created at the first blowup, obtaining a Z 2 -sphere in E 2 , then one cannot perform an S 1 -blowup of size 3 10 at one of its poles, as shown on the left of Figure 6 .1 (by the blue edges).
By the proof of [15, Theorem 7.1], for each type of the Hamiltonian S 1 -actions, the complex structure J obtained from the product complex structure on Σ × S 2 by S 1 -equivariant complex blowups at the same points, in the same order, is compatible with the symplectic form. Note that an exceptional divisor is a J-holomorphic sphere, and so is the proper transform of the exceptional divisor of a previous blowup. By Lemma 2.5, a Z 2 -sphere is also J-holomorphic. In particular, we will have
• a J -holomorphic sphere in E 2 in Types I, II, and III;
• a J-holomorphic sphere in E 2 − E 3 that is not fixed by Z 2 in Type IV (as shown in Figure 6 .3 or its upside-down).
However, by the construction of the Z 2 -action and the assumption that the Hamiltonian circle action extends the Z 2 -action, there is a Z 2 -fixed embedded sphere in E 2 − E 3 . By Lemma 2.5, this sphere is J-holomorphic. Its intersection with a different J-holomorphic sphere in E 2 − E 3 (e.g. one that is not Z 2 -fixed), or with a J-holomorphic sphere in E 2 is negative. Therefore, an extending Hamiltonian circle action of each of the four types would have yielded a contradiction to positivity of intersections of holomorphic curves.
6.4. Remark. The above construction can be generalized to produce a symplectic Z r -action on W r+1 with a blowup form, that does not extend to a Hamiltonian circle action, for an even integer r > 2. Start from the same Hamiltonian S 1 -action on (Σ × S 2 , ω 1,1 ) as before. Perform a sequence of r S 1 -equivariant symplectic blowups so that the resulting decorated graph is as the one illustrated on the left of Figure 6 .4 for r = 4. Next perform a Z r -equivariant complex blowup at a point in the Z r -sphere in E r that is not an S 1 -fixed point. The resulting configuration of Z r -invariant complex curves on W r+1
is illustrated in Figure 6 .5 for r = 4. Assume that the blowup sizes δ 1 , . . . , δ r and δ r+1 satisfy certain conditions; for example, we take δ i = 2 2r−i +1 2 2r
for 1 ≤ i ≤ r, and δ r+1 = 1 2 r . Since r is even, Z 2 < Z r . Similar arguments as before show that we obtain a Z r -invariant blowup form ω = ω 1,1;δ 1 ,...,δ r+1 on W r+1 , and that for any invariant ω-compatible almost complex structure J there are J-holomorphic spheres, Z r -fixed in E r − E r+1 and Z 2 -fixed in E 2i −E 2i+1 for 1 ≤ i < r 2 . The symplectic manifold (W r+1 , ω) does admit a Hamiltonian S 1 -action, as shown on the right of Figure 6 .4 for r = 4. By a careful analysis on the Jholomorphic spheres that can occur under a Hamiltonian S 1 -action, we can show that an extending Hamiltonian S 1 -action would lead to a violation of positivity of intersections.
F − E 5 Figure 6 .4. Special decorated graphs on W 4 and W 5 . Figure 6 .5. Special configuration on W 5 .
By contrast, a generalization for the simply connected case is more involved. The main difficulty is to determine the generators of the effective cone of complex curves. Note that the effective cone may not be finitely generated for a complex blowup of CP 2 at 9 points or more.
Further Remarks
A symplectic action of a finite cyclic group Z/Z n is a Hamiltonian action with the moment map being identically zero. However, this does not mean the action is generated by a Hamiltonian diffeomorphism. The generator of the action is a periodic map of period n in Symp(M, ω), or in the Torelli part of Symp(M, ω) if the action is homologically trivial.
It would be very interesting to know whether any of our Z 2 -actions is generated by a Hamiltonian diffeomorphism and therefore corresponds to a Z 2 -subgroup in Ham(M, ω). This is a hard question: we do not have an answer but we give two remarks concerning the example in Section 5.
7.1. Remark. Let G = Z/pZ be a finite cyclic group of prime order p. Consider a G-action generated by a Hamiltonian diffeomorphism on a closed symplectic manifold M. Let F be the fixed point set of the G-action. Denote by SB the sum of Betti numbers. Then
SB(F ) = SB(M),
while homology is taken with Z/pZ coefficients.
Indeed, SB(F ) is bounded above by SB(M) for any cyclic action of prime order p, not necessarily generated by a Hamiltonian diffeomorphism [4, Chapter 3] . On the other hand, let σ denote the Hamiltonian diffeomorphism generating the cyclic action. The graph of σ and the diagonal intersect cleanly in M × M. Then Arnold's conjecture implies that SB(F ) is bounded below by SB(M), using Floer homology for clean intersections [28] .
The Z 2 -action on (M ,ω) constructed in Section 5.1 has 3 fixed spheres and 3 fixed points. Hence SB(F ) = 9 = SB(M = M 6 ). It does not conclude whether this Z 2 -action is generated by a Hamiltonian diffeomorphism. . We claim that this map is smoothly isotopic to the identity. The idea goes as follows: For any 0 < δ ≤ 1 8 , one can perform a Z 2 -equivariant symplectic blowup of size δ at the same point p in the Z 2 -sphere S in E 5 in M. The induced Z 2 -action on the blowup M defines a diffeomorphism (in fact a symplectomorphism with a different symplectic form) σ δ :M →M , which is smoothly isotopic to σ. For δ sufficiently small, one finds an isotopy of equivariant embeddings of δ-balls in the local normal form of the S 1 -invariant sphere S. Hence σ δ is isotopic to the generator σ p 0 :M →M of the Z 2 -action induced by a Z 2 -equivariant blowup of size δ at the north pole p 0 of S. defines a symplectomorphism σ S 1 :M →M , which is smoothly isotopic to σ p 0 and hence to σ. Since S 1 is connected, σ S 1 is isotopic to the identity.
We do not know whether the symplectomorphism σ is symplectically isotopic to the identity.
If it is, it would present a cyclic subgroup in Ham(M ,ω) which does not embed in a circle subgroup of Ham(M,ω). This is due to the fact that Ham(M ,ω) coincides with the identity component of Symp(M ,ω) when H 1 (M) is trivial.
If it is not, it may be symplectically isotopic to a Dehn-Seidel twist, or it may provide another example of a symplectomorphism that is smoothly, but not symplectically, isotopic to the identity.
